In this paper, we provide a simple and modern discussion of rotational superradiance based on quantum field theory. We work with an effective theory valid at scales much larger than the size of the spinning object responsible for superradiance. Within this framework, the probability of absorption by an object at rest completely determines the superradiant amplification rate when that same object is spinning. We first discuss in detail superradiant scattering of spin 0 particles with orbital angular momentum ℓ = 1, and then extend our analysis to higher values of orbital angular momentum and spin. Along the way, we provide a simple derivation of vacuum friction-a "quantum torque" acting on spinning objects in empty space. Our results apply not only to black holes but to arbitrary spinning objects. We also discuss superradiant instability due to formation of bound states and, as an illustration, we calculate the instability rate Γ for bound states with massive spin 1 particles. For a black hole with mass M and angular velocity Ω, we find Γ ∼ (GM µ) 5 Ω when the particle's Compton wavelength 1/µ is much greater than the size GM of the spinning object. This rate is parametrically much larger than the instability rate for spin 0 particles, which scales like (GM µ) 9 Ω. This enhanced instability rate can be used to constrain the existence of ultralight particles beyond the Standard Model.
Introduction
Superradiance 1 is a surprising phenomenon where radiation interacting with a rotating object can be amplified if prepared in the correct angular momentum state [1, 2] . For an axially symmetric object, such amplification occurs whenever the following "superradiant condition" is met: ω − mΩ < 0 ,
where ω is the angular frequency of the incoming radiation, m its angular momentum along the axis of rotation, and Ω is the magnitude of the angular velocity of the rotating object.
The importance of superradiance in astrophysics stems from the fact that it is a mechanism for extracting energy from spinning compact objects, and in particular from black holes [3, 4, 5] . Because this rotational energy reservoir can be tremendous, any such mechanism could in principle have observable consequences and serve as a measure of strong gravity. Historically, however, it has been difficult to detect this phenomenon in real astrophysical systems. One main difficulty is that the amplification efficiency is generally very low 2 for massless radiation [3, 4, 6] . This necessitates contrived scenarios such as the"Black Hole Bomb" of Press and Teukolsky [6] , where some sort of perfect spherical mirror encases the rotating object and reflects the amplified modes back allowing them to exponentially grow in energy. Consequently, it seems now that other astrophysical mechanisms, such as for instance the Blandford-Znajek process [7] , play a much more important role in the dynamics and evolution of compact objects than superradiant scattering of electromagnetic or gravitational radiation.
object that is capable of absorbing radiation. As a matter of fact, the original papers on the subject by Zel'dovich [1, 2] -beautiful in their brevity and clarity-are about scattering of electromagnetic radiation off a cylinder with finite conductivity. Nevertheless, discussions of superradiance are often obscured by the algebraic complexity of the Kerr solution. In this paper, we will show that, at least in the long wavelength limit, dealing with the details of the Kerr solution is neither necessary nor helpful. It is also very restrictive, because there is no analogue of Birkhoff's theorem for the Kerr solution [19] . This means that the metric outside a rotating star generically differs from the Kerr metric and can depend on additional parameters besides the mass M and the spin J. It is therefore necessary to go beyond the Kerr solution in order to describe superradiant scattering off astrophysical objects other than black holes. This is however not feasible in the usual approach, which is based on finding solutions to the wave equation on a fixed curved background, because (a) in general the exact form of the metric is not known, and (b) even it was, the resulting wave equation would likely be much more complicated to solve analytically than for the Kerr metric.
The purpose of this work is to give a modern and comprehensive account of superradiance based on effective field theory (EFT) techniques, and to provide a simple framework to carry out perturbative calculations in the context of superradiant processes. By focusing on the long wavelength limit, our approach is capable of describing the onset of superradiance for any slowly rotating object, be that a star or a black hole. This shows explicitly that superradiance is just a consequence of dissipation and spin, and nothing else. In particular, there is no need for an ergosphere. Moreover, it is possible to infer superradiant scattering efficiencies and superradiant instability rates by matching a single quantity (e.g. absorption cross section) which can be calculated even when the object is at rest. For instance, one can extract the leading order results for rotating black holes from calculations carried out in a Schwarzschild background, without knowing anything about the Kerr metric.
The rest of this paper is organized as follows. In Section 2, we review the effective theory of relativistic spinning objects coupled to external fields discussed in [20] . This approach is valid in the slowly-rotating regime, i.e. whenever the angular frequency is smaller than the object's characteristic frequencies. 5 We also discuss how to incorporate the effects of dissipation-critical for superradiance-in a way that is consistent with unitarity and the EFT framework [22, 23] . With the basic formalism in hand, we illustrate our approach to superradiance in Section 3 by considering at first the ℓ = 1 modes of a spin 0 field. Here, we argue that superradiant scattering follows from a tension between absorption and stimulated emission. Calculations are carried out in some detail, as similar manipulations take place also in the subsequent sections. In particular, we calculate the probabilities of absorption and spontaneous emission by considering processes that involve single quanta. In order to justify this approach and make contact with the standard one based on classical wave equations [18] , in Section 4 we recalculate these probabilities using coherent states and find perfect agreement with the single-quantum approach in the limit of large occupation number.
We then generalize our results to higher values of the orbital angular momentum (Section 5) and higher integer spins (Section 6). These cases are a bit more cumbersome from a purely algebraic viewpoint, although conceptually they are simple generalizations of the results derived in Section 3. Finally, in Section 7 we consider superradiant instability due to formation of bound states and show how to compute the instability rate using the formalism developed in the previous sections. For concreteness, we carry out explicit calculations for spin 0 and spin 1 particles. The latter case would be exceedingly complicated to analyze with conventional methods, because the wave equation for massive spin 1 fields is not factorizable on a Kerr background (let alone on more general axially symmetric backgrounds). Interestingly, we find the instability rate for spin 1 particles to be parametrically larger than the one for spin 0 particles. Moreover, we report an enhanced instability rate for vector bound states relative to the results recently reported in [24] and [25] . We discuss the possible origin of this discrepancy, and then conclude in Section 8 by summarizing our results.
Conventions: throughout this paper, we will work in units such that c = = 1 and we will adopt a "mostly plus" metric signature. Greek indices µ, ν, · · · run over 0, 1, 2, 3 and capital Latin indices I, J, · · · run over 1, 2, 3. Other conventions and technical details are summarized in the appendices.
Spinning objects and dissipation
Spontaneous symmetry breaking is ubiquitous in Nature, and at macroscopic scales it becomes essentially unavoidable. In fact, any macroscopic object of finite-size is bound to break almost all space-time symmetries. It certainly breaks spatial translations by being in some place rather than somewhere else; it also breaks spatial rotations by having a particular orientation in space; finally, it breaks boosts by providing a preferred reference frame-the one in which it is at rest. The only space-time symmetry that remains unbroken is time translations, as Newton's first law ensures that the speed of an object won't change over time unless it is acted upon by an external force. Note that spatial rotations are broken even if the object is highly symmetric, e. g. in the case of a perfect sphere. In this case, the symmetry of the object is encoded by an internal symmetry group, which is spontaneously broken together with spatial rotations down to the diagonal subgroup [20] . For simplicity, in this paper we will restrict ourselves to the case of spherically symmetric objects, and therefore our theory will have an unbroken diagonal SO(3) symmetry. However, we should emphasize that this is by no means necessary.
At scales much larger than the size of the object, the most relevant degrees of freedom are the Goldstone modes associated with the symmetry breaking pattern described above. Although we are perhaps not accustomed to thinking of them in these terms, the Goldstones of translations are the spatial coordinates of the object and the Goldstones of rotations are its Euler angles [20, 26] . There are no Goldstones for the boosts, but this of course shouldn't be a cause for concern since the textbook version of Goldstone's theorem doesn't apply to space-time symmetries. As such, the number of Goldstones may not equal the number of broken space-time symmetries [27] .
The advantage of embracing this viewpoint is that one can rely on powerful techniques such as the coset construction [28, 29, 30, 31] to systematically write down an effective action for the Goldstone modes. Of course, one doesn't need the coset construction to know that the action for a relativistic point-like particle is
However, including the angular variables in a Lorentz-invariant way is less trivial [32, 33, 21] , as the Euler angles are not simply the spatial components of a 4-vector. The coset construction is one way to remove any guesswork from this procedure [20] . 6 Perhaps more importantly, from an effective theory viewpoint, one should generically include in the action all the terms compatible with the symmetries. Higher order corrections to the action (2) are usually neglected only because they are suppressed by UV scales such as the size of the object [37] or the frequencies of its normal modes [20] . However, they describe observable phenomena such as tidal distortions due to gravity or elastic deformations due to centrifugal forces. It is often important to take them into account and the coset construction provides a systematic way to do so.
In a nutshell, given a symmetry breaking pattern, the output of the coset construction is a series of "building blocks" that depend on the Goldstones and belong to some representations of the unbroken symmetries-in our case, the diagonal SO(3). By combing these building blocks in a way that preserves the unbroken symmetries, we can write an action that is actually invariant under all the symmetries, albeit with the spontaneously broken ones non-linearly realized and therefore not obviously manifest. This action is organized as an expansion in powers of the angular velocities, and as such is only capable of describing slowly rotating objects. The exact form of the coset building blocks will not play any role in this paper, but we refer the interested reader to [20] for more details.
The coset construction also provides us with instructions on how to couple additional fields to the Goldstone sector in a way that preserves the nonlinearly realized symmetries. This will be especially important in what follows, since we are ultimately interested in describing interactions between spinning objects and the long-wavelength (compared to the size of the object) modes of some field Φ µ 1 ...µn . According to the coset construction, we should first introduce the new field [20] 
where B is a boost, R a rotation, β is the velocity of the spinning object (normalized to c) and the θ's are the Euler angles. The inverse Lorentz transformation (Λ −1 ) µ ν essentially takes each component of Φ µ 1 ...µn to the frame that is instantaneously comoving with the spinning object. Next, we should decompose the new tensorΦ µ 1 ...µn into irreducible representations under the unbroken SO(3). The transformation properties of these irreducible representations are such that rotationally invariant combinations built out of them and the building blocks for the Goldstones are guaranteed to also be Lorentz invariant. This allows us to write down Lorentz-invariant interactions that are localized on the worldline. Throughout this paper we will work in a reference frame where β = 0, so that the Lorentz transformation Λ simply reduces to the rotation R.
In order to describe dissipative phenomena such as superradiance it is necessary to introduce additional degrees of freedom besides the Goldstone modes. This is because dissipation is, by definition, a process in which energy and momentum are transferred from the large distance, macroscopic degrees of freedom (in our case, the Goldstones and the long-wavelength modes of the external field Φ µ 1 ...µn ) to the microscopic ones. Following [22, 23] , we are going to account for the latter ones in a model-independent way by introducing an infinite number of composite operators O I 1 ···In that transform according to different representations of SO(3). 8 These operators are localized on the world-line and are defined in the rest frame of the object. As we will see, superradiance is a result of the interaction between external fields Φ µ 1 ...µn and these composite operators.
Superradiant scattering
In this section, we are going to discuss superradiance in the simplest possible case, namely that of a spherical wave of spin 0 particles with angular momentum ℓ = 1. We will generalize our analysis to higher integer spin particles and higher values of the orbital angular momentum in the following sections.
Absorption
Let's start by studying the process where a spin 0 particle with frequency ω and angular momentum ℓ, m is absorbed by a spinning object. Here, m is the eigenvalue of the orbital angular momentum of the incoming particle along the axis of rotation of the object, which we will assume to be the z-axis. Schematically, we can denote this process as
where X i and X f are respectively the initial and final state of the spinning object. If we are not interested in the final state X f , then the total probability P for the absorption process can be obtained by summing over all possible final states:
where we have assumed that the states |X of the spinning object as well as the vacuum |0 are normalized to 1, and the operator S is given as usual by
The probability P abs can also be calculated in a slick way using the optical theorem [22] , but here we will follow a more direct approach.
As explained in the previous section, the interaction Hamiltonian describing dissipative processes contains couplings between the fields interacting with the spinning object (in our case, a single scalar field φ) and all possible composite operators O I 1 ,···In . These operators should be thought of as "living" in the rest frame of the object. They encode all the microscopic degrees of freedom that we are not keeping track of and that are ultimately responsible for dissipation. In this section, we will only consider a coupling between φ and a composite operator that carries a single index, O I . Following from the more general form of eqn. (3), we can dress the scalar field so as to couple it to this composite operator. We will therefore work with the following interaction Hamiltonian:
The field φ is evaluated at the location of the particle, which we will assume to be x = 0. As we will see in Section 5, a traceless composite operator with ℓ indices is responsible for superradiance of modes with angular momentum ℓ. Hence, the interaction Hamiltonian (7) will only allow us to discuss superradiance for modes with ℓ = 1. This also explains why we are not considering the even simpler coupling with a composite operator O without any indices: it would only affect modes with ℓ = 0, for which there is no superradiance.
Let us focus first on the numerator that appears on the RHS of equation (5). Using the fact that the states |X f form a complete set, we can rewrite it to first order in perturbation theory as
where we have denoted with · · · the expectation value on the initial state |X i . This expression can be further simplified by noting that, for spherically symmetric objects, the Wightman correlation function O J (t ′ )O L (t) can only be proportional to δ JL . Then, its Fourier transform takes the form
and the numerator (8) reduces to
It is in principle straightforward to calculate the quantity above, and therefore the probability P abs , using the decomposition of φ in terms of creation and annihilation operators. However, given that most of the results in this paper will follow from calculations very similar to this one, we find it worthwhile to provide some of the intermediate steps rather then simply quote the final result for P abs , which the impatient reader can find in eq. (19) .
We will first calculate the amplitude 0|∂ K φ(t)|ω, ℓ, m . Using the expression for the scalar product k|ω, ℓ, m given in the appendix, and keeping in mind that φ is evaluated at x = 0, it is easy to show that
We can further simplify this expression by rewriting the integral over k in spherical coordinates. Then, the delta function takes care of the integral over the magnitude k, whereas the integral over the solid angle can be carried out by expressing k K in terms of spherical harmonics,
and using the orthonormality property of the Y m ℓ 's (see Appendix A for our normalization conventions). Eq. (11) then becomes
where v = ∂ω/∂k is the group velocity of the incoming scalar particle, and
We have defined the complex vectors V m in such a way that they have unit norm, i.e.
In fact, these are just polarization vectors for states with angular momentum ℓ = 1, helicity m and momentum in the z-direction.
In order to carry out the integral over time in eq. (10) we will need the explicit form of the rotation matrix R K L (t), which for an object spinning around the z-axis with angular velocity Ω is simply
It is then easy to check that
After carrying out the integral over time, the numerator reduces to
The singular factor of 2πδ(0) in the last expression is canceled by the denominator in eq. (5), which with our choice for the normalization of states (see Appendix A) turns out to be precisely denominator = ω, ℓ, m|ω, ℓ, m = 2πδ(0) .
We conclude therefore that the probability P abs that a spin 0 particle with frequency ω and angular momentum ℓ, m is absorbed due to the interaction with the composite operator O I is
As advertised at the beginning of this calculation, the absorption probability due to the interaction with the composite operator O I is non-zero only for modes with ℓ = 1. Notice also that ∆(ω − mΩ) is always real and positive 9 , which means that we don't encounter any negative probability, unlike in the more traditional calculations [18, 23] . It is then straightforward to use this probability to calculate for instance the absorption cross section for incoming particles with angular momentum ℓ = 1, which is
Spontaneous emission
We will now show that the interaction Hamiltonian (7) also leads to spontaneous emission of quanta of φ. More precisely, we will now consider the process
Once again we are not interested in the final state X f of the spinning object, and therefore the probability for such an event to occur is
This probability is nearly identical to the absorption probability in equation (5), and therefore we can use the same methods to calculate it. At lowest order in perturbation theory, we get
Notice that the only difference compared to the numerator we calculated in the previous section is in the correlation function of the composite operators, which now is
t) . However, this correlation function is symmetric
9 This is because, neglecting the indices for notational simplicity,
where in the last step we used that O(−ω) = O * (ω) because O(t) is real. 10 See Appendix B for a derivation of the first equality.
under J ↔ L because of rotational invariance. It is therefore easy to see that the probability of spontaneous emission can be obtained from the absorption probability (19) by replacing ∆(ω − mΩ) with ∆(mΩ − ω), i.e.
Once again, we stress that ∆(mΩ − ω) is always positive, and thus so is the probability P em . It follows that the rate for spontaneous emission of spin 0 particles with ℓ = 1 angular momentum is
Before moving on to superradiance, let's pause for a moment to discuss the physical origin of such spontaneous emission of radiation. In particular, is this a thermal or a quantum phenomenon? It depends on the microscopic details of the spinning object. To illustrate this, let's first imagine that our dissipative spinning object is at zero temperature. Then, all the "internal" degrees of freedom that are modeled by our composite operators are in the ground state when viewed in the reference frame comoving with the object. Wightman correlation functions on the ground state are particularly simple, in that they are equal to the spectral density for positive frequencies and they vanish for negative frequencies [45] , i.e.
Thus, according to eq. (24) the probability of spontaneous emission is still non-zero even at zero temperatures, but only for modes s.t. ω − mΩ < 0. The radiation emitted carries away angular momentum, and therefore the spinning object slows down over time and eventually comes to rest. This is a quantum phenomenon known as vacuum friction 12 . It was first conjectured by Zel'dovich [1] and later discussed in much more detail in [42, 43, 44, 47, 48] . The quantum nature of this phenomenon is also reflected by the fact that, in this case, the microscopic origin of dissipation is tied to quantum fluctuations-think for instance of a metallic object at zero temperatures, in which quantum fluctuations are responsible for exciting electrons within the conduction band leading to a non-zero conductivity.
We can also consider the complementary situation in which the object is at finite temperature but it is not spinning. Notice that this is not in contradiction with our definition of correlation functions as expectation values on the pure state |X i . In fact, finite-temperature systems can also be described by a pure state provided one enlarges the Hilbert space [49] . Then, finite temperature corrections turn the step function in (26) into a smooth slope, and the Wightman correlation function takes the form [50] :
where n B (ω) = (e ω/T − 1) −1 is the familiar Bose distribution. In this case, the spontaneous emission occurs even for ω − mΩ > 0 and is a thermal effect.
Superradiant scattering
After calculating the absorption and emission probabilities, we are finally in a position to discuss superradiance. Let's consider therefore an incoming flux of particles Φ in with frequency ω and angular momentum ℓ = 1 but arbitrary m. After interacting with the spinning object, the net outgoing flux is determined by the competition between absorption and stimulated emission. When considered separately, the first one would yield an outgoing flux equal to Φ in (1−P abs ), whereas the latter one would give 13 Φ in (1+P em ). Combining these two effects, we find that the total outgoing flux is Φ out = Φ in (1 + P em − P abs ) or, equivalently, that the relative change in flux is
where we used the fact that, by definition, the difference ∆(ω) − ∆(−ω) is equal to the spectral density ρ(ω) [45] . Superradiance is then just a consequence of the fact that the spectral density of bosonic operators is an odd function of its argument, and that it is positive for positive arguments.
14 These properties are completely general [45] and do not rely on any assumption about the composite operators nor the state of the spinning object. It follows therefore from eq. (28) 
Matching at low energies
The results derived thus far take an even simpler form if we are willing to make some physical assumptions about the composite operators O and the initial state |X i of the spinning object. Correlation functions of quantities that are not conserved charges-such as our composite operators O-must decay faster than any power at large times in thermalized systems [40] . This means that their spectral density must admit a low-frequency Taylor expansion around ω = 0. Moreover, because the spectral density of bosonic operators is an odd function of ω that is positive for ω > 0, we can approximate it at low-energies as
where γ is a coefficient that can depend on the temperature but, importantly, not on the spin of the object since the operators O "live" in the rest frame. Therefore, γ can in principle be extracted from numerical simulations or analytical calculations in a simple, idealized problem (say, by calculating the absorption cross-section for a massless particle when the object is at rest) and then brought to bear on more complicated processes (say, superradiant scattering of a massive particle when the object is spinning).
15 13 Recall that the probability of stimulated emission is proportional to the number of "spectator" quanta.
14 To avoid any potential confusion, we should point out that there are two notions of spectral density in the literature. In this paper, we are following the conventions of [50] . The combination sign(ω)ρ(ω) is also sometimes referred to as spectral density (see for instance [51] ), but this combination is instead a positive definite, even function of ω. We refer the reader to [45] for a pedagogical discussion of spectral densities in the vacuum as well as in more general states. 15 For higher spins, one cannot immediately infer the properties of massive particles from those of massless ones, as we will discuss more at length in Sec. 6. It remains true however that one can extract the parameter γ by matching calculations valid when the object is not spinning and then use the result to discuss superradiance.
As an example, let's see how this works in the case of black holes. The absorption probability for a massless spin 0 particle from a Schwarzschild black hole in the long wavelength limit is [52] 
with r s = 2GM the Schwarzschild radius. This result should be matched with the one in eq. (19) . From a classical viewpoint, a black hole should be regarded as an object in its ground state, since Hawking emission is a purely quantum mechanical effect. Therefore, the correlation function ∆(ω) takes the form in (26), and using the low-frequency expansion of the spectral density in eq. (29) we find that γ = We can now plug this value of γ in eq. (28) to predict the relative change in the intensity of a beam of massive spin 0 particles due to superradiant scattering from a Kerr black hole:
Note that this result is just the leading term in an expansion in small Ω (one can of course account for higher order terms in a systematic way by including higher order corrections in the effective action). In the massless limit where v → 1 and k → ω, our result reduces indeed to the known result in the literature [3] .
Coherent states
Before extending our analysis to higher multipoles and higher spins, we will pause for a moment and discuss the connection between our derivation of superradiance, based on absorption and emission of single quanta, and earlier derivations of superradiance based on solutions to classical wave equations. From a quantum field theory perspective, classical waves are states with a very large occupation number. As such, the closest analog to the classical understanding of superradiance would be the computation of the transition amplitude from one state with large occupation number to another. This calculation can be carried out explicitly using coherent states and, as we will see, the final result is the same as the one derived by considering single quanta.
To be more precise, we are going to compute the probability for the process
where α and β are coherent states for a scalar field in the basis of spherical waves, i.e. they are eigenstates of the lowering operators a ωℓm :
and similarly for |β . Explicitly, a coherent state of a free scalar in the basis of spherical waves is given by
where
ℓm |α| 2 such that |α is normalized to one. It is easy to check explicitly that such a state indeed satisfies eq. (33) . Moreover, using this definition one can also show that the inner product of two different coherent states is equal to
Again, since we are not interested in observing the final state of the spinning object X f , we are going to sum over all possible final states. The probability for this process to occur is then given by
as we have chosen the coherent states to be normalized to 1. Expanding to leading order in the interactions we obtain
The term in the first line is a generalization of the term we have already calculated in the case of a single quantum, whereas the one in the second line is new. The latter arises because different coherent states are not necessarily orthogonal-see eq. (35)-while in the case of a single quantum we have that ω, ℓ, m|0 = 0. Let us consider these two terms separately.
When it comes to the first term, we can use manipulations similar to those employed in section 3.1 to show that
where we have used the defining relation of coherent states, eq. (33), and the triplet of vectors V L m was defined in eq. (14) . Using this result, we can rewrite the first line of eq. (37) as
In performing the above computation we were able to drop the terms proportional to α ω1m β * ω ′ 1m and its complex conjugate because they are proportional to δ(ω + ω ′ ) which vanishes everywhere on the domain of integration.
Continuing on with the second term in (37) and its complex conjugate, the first order of business is dealing with the time ordered product. After expressing it in terms of theta functions, we can relabel the integration variables t and t ′ to rewrite the second line in eq. (37) as follows:
Using the integral representation of the θ function
we can expand the scalar field into creation and annihilation operators and use again the defining properties of the coherent states to compute the expression in eq. (40) . We find that the terms ∝ a † a † and aa have vanishing support over the integration range, whereas the aa † can be dealt with using the commutation relations. Formally, this procedure also yields a divergent contribution. However, this is simply a vacuum bubble that must be modded out to ensure that the final result remains finite and it reads
At this point, the probability P α→β is equal to the sum of this result plus the one in eq. (39) . To make further progress, we need to make additional physical assumptions about the incoming and outgoing classical waves. First, we will assume that the two waves are in phase, which amounts to requiring that the coefficients α ω1m and β ω1m have the same phase. Since our probability depends only on the absolute values of these coefficients and on the products αβ * and βα * , the phase of the coefficients becomes irrelevant and from now on we will treat α ω1m and β ω1m as if they were real.
Second, we will assume that both incoming and outgoing waves are Gaussian wavepackets centered around the same frequency ω ⋆ with variance σ. One could in principle also consider two wave packets with different mean frequencies and variances. However, in order to make contact with the previous section we will eventually send the variance of these wave-packets to zero so that the waves become monochromatic. In this limit one finds that the probability P α→β vanishes unless the two waves have the same frequency. Therefore, we will assume from the very beginning that the coefficients α ω1m and β ω1m have the following form:
where the parameters A m and B m are constants that determine the waves' amplitude. Notice that, to further simplify matters, we have also assumed that the two wave-packets have the same variance σ, and added an overall factor (4π) 1/4 to the normalization. Plugging equations (42) into our expression for P α→β and taking the limit σ → 0, we can use the following representations of the delta function
to write the probability P α→β as
where we have simplified the notation by definingω ⋆ ≡ ω ⋆ − mΩ and N ⋆ ≡ k 4 ⋆ /(6πv ⋆ ω ⋆ ) and, in the second step, we have used the result (35) for the inner product of two coherent states. Our final expression is accurate at leading order in the interactions.
In the classical limit, where the amplitude of the coherent states become very large, only the process for which the argument of the exponential vanishes has non-negligible probability to occur. Setting the exponent equal to zero, we can solve for the outgoing amplitude B m up to next-to-leading order in the interactions to find
with the spectral density ρ(ω) = ∆(ω) − ∆(−ω). The intensity of the incoming (outgoing) wave with ℓ = 1 and arbitrary m is proportional to |α ω1m | 2 (|β ω1m | 2 ). Therefore, the relative change in the intensity is equal to
This is exactly the same result that we derived in the previous section by considering scattering of a single particle-see eq. (28). Since our calculation based on coherent states supports the validity of our single-quantum approach, in the rest of this paper we are only going to consider processes that involve single quanta.
Higher multipoles
We are now going to repeat our analysis of absorption, emission and superradiance for higher values of the angular momentum ℓ. Since the calculations are very similar to those we discussed in the previous section, we will only highlight the few differences. The dominant contribution will now come from the coupling with a composite operator with ℓ indices. We will therefore consider an interaction Hamiltonian of the form
We can restrict ourselves to the case in which O is completely symmetric and traceless as we are interested only in the leading contribution to modes of a given angular momentum ℓ. If we had included various traces they would correspond to higher order corrections to modes of angular momentum ℓ − 2n where n is the number of traces. Consequently, the 2-point function of the O operators can be expressed in Fourier space as
where δ
is the identity on the space of traceless, symmetric, rank-ℓ tensors. Now, instead of the matrix element (13), we will be interested in the quantity
The V m I 1 ···I ℓ are a higher-ℓ generalization of the quantity V m I introduced in the previous section. For −ℓ m ℓ, they form a basis for the (2ℓ + 1)-dimensional vector space of rank-ℓ symmetric and traceless tensors, and they are equal to
for m ≥ 0, and where [(ℓ − m)/2] means "the largest integer less than or equal to (ℓ − m)/2", and
For m < 0, V
We have chosen the overall normalization in such a way that (V
's can be thought of as polarization tensors for states with angular momentum ℓ, helicity m and momentum in the z-direction.
It is now possible to show that the quantities V m I 1 ···I ℓ transform under rotations around the z-axis very much like in equation (16), namely
Using this result, one finds that the probability of absorption of a scalar particle with frequency ω and angular momentum ℓ, m is
the emission probability is
and the relative difference between outgoing and incoming flux is
Once again, the spectral densities ρ ℓ are odd functions that at low energies can be approximated as ρ ℓ (ω) ≃ γ ℓ ω with γ ℓ > 0. This shows that also higher multipoles are susceptible to superradiance. The values of the coefficients γ ℓ appropriate for, say, a black hole can easily be calculated by matching the massless, zero temperature limit of the absorption probability (52) with the results in [52] . The same values of γ ℓ will describe also dissipative interactions between black holes and massive spin 0 particles. 16 The quantities V 
Higher spins
We are now in a position to extend the results discussed so far to higher integer spin particles. A field of arbitrary integer spin can be decomposed into the following sum of creation and annihilation operators:
where the polarization vectors ǫ µ 1 ,···µs are normalized in such a way that
We will consider the massive case at first. This is especially interesting because (a) it is also relevant for bound state instabilitites, to be discussed in Sec. 7, (b) it is more difficult to study with traditional methods, because the wave equations do not factorize on a Kerr background (see however [24, 25] for recent progress in this direction), and (c) in our approach, it is actually algebraically simpler than the massless case due to the lack of gauge invariance, which allows a simpler leading coupling of the field to the dissipative operators. In fact, the leading interaction Hamiltonian that we will consider is
which is clearly not gauge invariant. For higher spins, it is convenient to work with spherical helicity single-particle states [55] , which are labeled by the frequency ω, the total angular momentum j, the angular momentum in the z-direction m, and the helicity λ. The properties of the states |ω, j, m, λ that are relevant for the calculation that follows have been summarized in Appendix C. As before, we will start by studying the absorption process:
The probability for such process to occur is
Following steps very similar to those already discussed in the previous sections, it is easy to show that
The structure of the Fourier transform of the operators O J 1 ···Js is shown in equation (48) . Moreover, using eq. (55) and the results discussed in Appendix C, we find that ω, j, m, λ|Φ
By exploiting rotational symmetry, it is possible to show that
where the quantities V m I 1 ,···Is were first introduced in Sec. 5, while the coefficients c j will be determined in a moment. Thus, convolution with a spin-weighted spherical harmonic −λ Y jm takes a polarization tensor with spin j, helicity λ and momentum in the direction ofk into one with helicity m and momentum in the z-direction (up to an overall normalization). By plugging the last two results in the expression for the numerator (60) and using the result in eq. (51), we eventually find that the absorption probability due to the interaction (57) is
Note that at this order our result does not depend on the helicity λ, but only on the angular momentum numbers j and m. In order to determine the coefficient c j , we can now use the fact that the interaction (47) can also be thought of as describing dissipation for the helicity-0 mode of a spin l particle. As such, our result (63) must match the one in eq. (52) once the latter is divided by k 2l to account for the canonical normalization of the helicity-0 mode. We therefore conclude that
By now, the reader should be familiar with the rest of the argument: the emission probability for a spin s particle is
In the massless case, the interaction (57) is forbidden by gauge invariance. The leading interaction involves the field strength tensors for the higher spin s fields Φ µ 1 ···µs , which are gauge invariant quantities [22, 23, 39] . For massless spin one particles (i.e. electromagnetism), the field strength is as usual F µν = ∂ µ Φ ν − ∂ ν Φ µ . Its components have mixed parity, as can be seen directly at the level of the photon degrees of freedom [54] . It can be decomposed into its definite parity states by separating it into electric and magnetic components. The leading couplings (in the rest frame of the dissipative object) are thus given by
where E I = F 0I and B I = For massless spin two particles (i.e. gravity), the field strength is give by the Weyl tensor C αβµν . 17 Here too a similar decomposition into states of definite parity can be performed. Upon separating the Weyl tensor into its electric and magnetic parity components the leading coupling (again in the rest frame of the dissipative object) is given by
where E IJ = C 0I0J and B IJ = 1 2 [39] . Just as in the spin one case, the two operators O N M andÕ N M do not mix with each other at the level of the two point function. Note moreover that the couplings (68) describing superradiant scattering of long wavelength gravitons are also responsible for tidal dissipation [39] . This makes precise the conjectured "correspondence" between tidal dissipation and superradiant effects discussed in [56] and references therein.
As we can see from the above couplings, the leading interactions for massless spin s particles are suppressed by s additional powers of ω compared to the one in eq. (57) . Therefore, the resulting absorption and emission probabilities pick up an additional factor of ω 2s at low frequencies compared to the massive case. Explicit results for the absorption of massless particles with integer spin by a Schwarzschild black hole confirm this expectation [52] .
Superradiant instability of bound states
With a few minor modifications, the same techniques developed in the previous sections to study superradiant scattering can be used to discuss the superradiant instability of bound states around spinning objects. Our approach is valid whenever the Compton wavelength of the particle forming the bound state is much larger than the size of the spinning object, in which case the latter can be treated as point-like.
Scalar bound states
For simplicity, we will first consider the case of a spin 0 particle with non-zero 18 mass µ. In the presence of bound states, the expansion of a scalar field in terms of creation and annihilation operators takes the form:
where the quantum numbers n, ℓ, m label the different bound states, and the dots stand for the usual sum over creation and annihilation operators of asymptotic states with definite momentum. It will be convenient to choose the normalization of the bound states so that they are orthonormal. The factor of (2E nℓm ) −1/2 in eq. (69) was judiciously inserted in such a way that
It is convenient to factorize the mode functions as f nℓm (r, θ, ϕ) = R nℓ (r)Y ℓm (θ, ϕ). Clearly, in order to find non-trivial bound state solutions it is necessary to take interactions into account. At the same time, at distances much larger than the size of the spinning object the leading contribution comes from the 1/r interaction. 19 In this limit, the functions ψ nℓm ≡ rR nℓm satisfy the same 1D Schrödinger equation that describes the Hydrogen atom [59] , with the non-relativistic binding energy E replaced by (E 2 nℓm −µ 2 )/2µ. Therefore, at lowest order in the interaction the energy eigenvalue E nℓm depends only on n [60]:
In this equation, α parametrizes the strength of the interaction and is equal to the fine structure constant for electromagnetic bound states and to GMµ for gravitational ones. In what follows we will focus for concreteness on the latter case, in order to facilitate matching with the gravitational literature. Then, in the regime we are interested in (where the Compton wavelength of the scalar field is much larger than the size of the compact object) we also have GMµ ≪ 1, and therefore we can neglect the binding energy and set E nℓm ≃ µ.
We will be interested in calculating the absorption and emission probability of a bound state |n, ℓ, m ≡â † nℓm |0 by the spinning object. Let's first consider the probability for the absorption process
If we are not interested in the final state X f of the spinning object the probability is equal to:
with the S-matrix defined in equation (6) . Once again, we will restrict our attention to the interaction Hamiltonian (7) describing dissipation of modes with ℓ = 1, as it turns out that these modes are in fact the most unstable ones [59] . In this case, steps analogous to those followed in section 3 yield the following absorption rate:
where we have used the fact that E nlm ≃ µ. To proceed further, we notice that R nℓ (r) ∼ r ℓ for small values of r, and therefore Γ abs is non-zero only for ℓ = 1. This of course just follows from the fact that the interaction Hamiltonian (7) describes only dissipation for modes with ℓ = 1. Furthermore, the overall amplitude of the functions R nℓ (r) decreases with increasing n once these functions are normalized according to eq. (70) [60] . Hence, the largest absorption rate occurs for the mode with n = 2 (the same goes for the emission rate, which we will turn to in a moment), and therefore we will focus on such a mode for the remaining of this section. Using the fact that for small values of r [60]
we can easily calculate ∂ I f 21m to find
A completely analogous calculation shows that the spontaneous emission rate is instead
Whether or not the spinning object is ultimately unstable due to accretion of the bound state under consideration depends on the relative magnitude of the absorption and emission rates. The difference between these two rates for the n = 2, ℓ = 1 mode is
where in the last step we have used the low frequency limit of the spectral density ρ. A positive value of ∆Γ signals an instability, because the rate of production of particles in a bound state is larger than the rate of their absorption. Such instability occurs for superradiant modes, i.e. for bound states such that µ − mΩ < 0, which can only be achieved if m = 1 and Ω > µ.
In the case of a black hole, we have previously found that γ = 2 3 πr 4 s by matching the probability for absorption of an incoming spherical wave by a Schwarzschild black hole. Using this value, we can find immediately the instability rate for a Kerr black hole due to the production of bound states with spin 0 particles with mass µ ≪ Ω:
This result agrees perfectly with the explicit analytic calculation based on the Kerr metric [59] . 20 Notice however that in our approach we never had to solve a wave equation on a Kerr background. Knowing the form of the mode functions and the dissipative coefficient γ for the non-spinning object was enough to find the instability rate for the spinning object. This was possible because, by taking the point-like limit and modeling dissipation as interactions with composite operators, we managed to disentangle the problem of calculating the instability rate from that of finding the mode functions. Moreover, the latter task becomes especially easy in the Newtonian limit, which is always a good approximation for Compton wavelengths much larger than the size of the spinning object. Because gravitational interactions are spin-independent in the Newtonian limit, our approach can be easily extended to higher integer spin particles, for which the usual approach is ill-suited because the wave equation is not factorizable on a Kerr background (see however [25] for a recent approach based on perturbation theory). As an illustration, we will now consider the particularly interesting spin 1 case.
Vector bound states
In the presence of a Newtonian potential, helicity is no longer a good quantum number because translations are spontaneously broken by the center of the potental. Therefore, for massive vector fields we will label the bound states using instead the orbital angular momentum ℓ, together with the quantum numbers n, j, m. Introducing the "collective" index β ≡ (n, j, m, ℓ), we can expand a vector field in terms of creation and annihilation operators as follows:
where the dots stand for the usual continuum states. The vector field Φ µ satisfies the Proca equation, which is also equivalent to the set of equations
These equations are valid on an arbitrary gravitational background, but in the limit of small µ (again, compared to the inverse size of the spinning object) we can work in the Newtonian limit, as we did in the spin 0 case. The first equation in particular is a constraint ensuring that there are only three physical polarizations. It is useful to decompose the mode functions for the bound states of Φ µ that appear in eq. (80) as follows:
where the Y ℓ,jm 's are vector spherical harmonics [54] . They are defined by combining the spin 1 polarization vectors defined in (14) with ordinary spherical harmonics with orbital angular momentum ℓ to create quantities with quantum numbers j, m:
The coefficients of this linear combination are the usual Clebsh-Gordan coefficients [60] . The functions S nℓ (r) in eq. (82) can be expressed in terms of the R nℓ (r)'s by solving the constraint in eq. (81). Then, as the vector spherical harmonics are eigenfunctions of the orbital angular momentum operatorL 2 ≡ −[
, the remaining equations reduce in the Newtonian limit to a single Hydrogen-like Schrödinger equation for the functions ψ nℓ (r) ≡ rR nℓ (r). In particular, the energy eigenvalues E β are still of the form given in eq. (71) and therefore depend only on the quantum number n.
The dominant dissipative interaction at low energies is the one in eq. (57), where now s = 1. Because this interaction does not have any derivatives, it only affects the modes with orbital angular momentum ℓ = 0, in which case the vector spherical harmonics reduce to
Moreover, the overall magnitude of R n0 (r) decreases rapidly with increasing n, and therefore the most unstable modes are the ones with n = 1. Using the normalization convention in eq. (70), we have that
Then, following the usual steps we can calculate the rate of absorption for spin 1 bound states with quantum numbers n = 1, ℓ = 0, j = 1 and arbitrary m:
This result agrees parametrically with the one found in [62] for Ω = 0. The rate of spontaneous emission Γ em reads exactly as in eq. (85), except with (µ−mΩ) → −(µ−mΩ). Therefore, the instability rate of a spinning object due to superradiant formation of bound states with spin 1 particles of mass µ ≪ Ω is
In the last step, we have approximated as usual the spectral density as ρ 1 (ω) ≃ γω, and then defined the dimensionless parameter γ ′ based on dimensional arguments in such a way that γ = 2πγ ′ (GM) 2 . Since γ ′ can only depend on the properties of the spinning object and not on those of the spin 1 particle, and in particular we expect it to be O(1) for black holes, which essentially have a single dimensionful scale-the Schwarzschild radius. Notice finally that γ ′ also controls superradiant scattering of massive spin 1 particles. The instability rate for vector bound states shown in Eqn. (86) does not agree with the numerical results recently obtained in [24, 25] . In particular, the authors of [24] employed mostly numerical methods to derive a leading instability rate ∼ (GMµ) 7 . Immediately following, the numerical analysis of [25] showed that this estimate is somewhat conservative and that the actual instability rate in the small mass limit can be larger. However, a precise estimate turned out to be elusive (at least for the most unstable class of modes, the socalled polar or even-parity modes) because numerical investigations become increasingly challenging in the limit GMµ ≪ 1 [25] , which is precisely the interesting one from an astrophysical viewpoint. We believe that such numerical difficulties may be responsible for the discrepancy between our result (86) and the ones in [24, 25] , especially because our analytic approach becomes increasingly accurate in the limit GMµ ≪ 1.
We should stress however that the authors of [24, 25] do have analytic control over the (relatively) more stable axial or odd-parity modes in the GMµ ≪ 1 limit. 21 In particular, for the axial mode of total angular momentum j = 1 and orbital angular momentum ℓ = 1, they find an instability rate ∼ (GMµ) 9 Ω. As a consistency check of our formalism, it had better be the case that for this mode we recover the same scaling.
In our approach, dissipation of modes with orbital angular momentum ℓ is controlled at leading order by a coupling to a composite operator that involves ℓ spatial derivatives. Therefore, the leading order dissipative interaction for the ℓ = 1 modes has the form
It is convenient to separate the operator O N M into its irreducible components: a symmetric and trace-free part (a representation with j = 2), an anti-symmetric part (j = 1), and the trace (j = 0):
These irreducible components do not mix with each other at the level of the two point function.
The instability rate follows from manipulations nearly identical to those already carried out for scalar bound states. However, now this rate will depend on the spatial derivative of the bound state mode functions, ∂ I f instability. The instability rates for the modes with j = 1 and j = 2 are parametrically the same, and read:
where a factor of (GM) 4 was conveniently introduced so as to render the coefficients γ ′ i dimensionless. Once again, we expect these coefficients to be of O(1) for black holes. Our result for the modes with j = 1 and ℓ = 1 matches the ones found analytically in [24, 25] .
As we can easily infer from the computations above, the scaling of the instability rate for modes with higher angular momentum appears to be much simpler than the one suggested in [24, 25] . In the small particle mass limit the scaling for vector bound states is simply
and is therefore independent of the total angular momentum j (aside from when j = 0 and there is no instability).
The same procedure could be easily carried out for higher spin particles using tensor spherical harmonics [63] . Based on dimensional analysis, we expect the instability rate for bound states of higher integer spins and orbital angular momentum ℓ to have the same scaling with µ as in Eq. (93). This is also supported by the intuition that spin-orbit coupling is a post-Newtonian effect, and therefore in the regime GMµ ≪ 1 where the Newtonian approximation is applicable the magnitude of ∆Γ for a given ℓ should not depend on the spin of the particle. We conclude therefore that the instability rate due to spin 0 bound states is suppressed compared to the one for all other integer spin particles by an additional factor of (GMµ) 4 . This is simply because (a) superradiance requires j = 0, (b) for a scalar particle this occurs only when ℓ = 0, but (c) the absorption and emission rates for bound states with higher values of ℓ are more suppressed in the Newtonian limit.
Conclusions
In this work, we have discussed a modern, perturbative approach to (rotational) superradiance based on effective field theory techniques. Our formalism describes slowly spinning objects interacting with particles of any mass and spin whose energy is much smaller than the inverse size of the object (in natural units). Within this framework, we show unambiguously that superradiance is not peculiar to the Kerr solution, but rather is a generic feature of any dissipative rotating object. As such, our results apply also to astrophysical systems other than black holes, which generically are not described by a Kerr metric. For simplicity, we have restricted our attention to spherically symmetric objects, although it would be interesting and in principle straightforward to relax this assumption.
We argued that, at lowest order in perturbation theory, the same parameters determine (1) the absorption probability of a particle with a given spin, mass and polarization (2) the superradiant amplification rate of a beam of such particles, (3) the rate of superradiant instability due to formation of bound states, and (4) the relaxation time scale due to vacuum friction. These parameters can be extracted from analytic (for black holes) or numeric (for other astrophysical objects) calculations of the absorption probability in the (relatively simpler) static limit, and then used in the more complicated spinning case. This is an improvement on a similar EFT treatment given in [23] , which required an additional matching procedure for the spinning case. For spin 0 particles, the same parameters describe both the massless and massive case. This is not the case for higher spin particles, which require two distinct sets of parameters.
Within our framework, we were able to unify a variety of results that were previously scattered across the literature, as well as to derive some interesting new ones. In particular, we calculated the absorption probability and superradiant amplification rate for massive particles with arbitrary integer spin scattering off a generic spinning object (that is, not necessarily a black hole).
We also calculated the instability rate due to formation of bound states with massive spin 0 and spin 1 particles. By working at lowest order in the gravitational coupling, we showed that the former scales like (GMµ) 9 and the latter like (GMµ) 5 for small values of GMµ. This estimate was obtained by studying states with ℓ = 1 and ℓ = 0 respectively, as these are the most unstable ones. There is however no conceptual obstacle to extending our calculations to higher values of ℓ, and indeed we have also discussed explicltly spin 1 bound states with ℓ = 1 and shown that their decay rate scales like (GMµ) 9 . More generally, we expect the rate for bound states with orbital angular momentum ℓ to be proportional to (GMµ) 5+4ℓ , independently of the spin of the particle. Our results for vector bound states agree parametrically with the ones found by different analytic methods in [62] , but disagree with the numerical results of [24, 25] . We believe that this discrepancy may be due to the fact that numerical calculations become unreliable in the small GMµ limit (see e.g. discussion in Secs. V.F of [25] ), whereas our analytic approach is designed to be the most accurate precisely in this regime. Our results give an enhanced instability rate for vector bound states compared to those found in [24] and [25] . This enhancement has potential consequences for constraining the presence of ultralight vector (and higher spin) particles in the spectrum of physics beyond the Standard Model.
Finally, when combined with our previous work [39] , our results make explicit the "correspondence" between tidal distortion and gravitational superradiance put forward in [56] . From our EFT perspective, the connection between these two seemingly unrelated phenomena follows immediately from the fact that they are governed by the same dissipative couplings in the effective action.
A Normalization of single particle states
We are using the relativistic normalization for 1-particle states that are eigenstates of momentum, i.e.
Since the one particle states can also be defined as |k = a † k |0 , this normalization corresponds to having the following algebra of creation and annihilation:
Moreover, with this normalization the completeness relation reads
For a massless particle, we have of course ω k = k, but in what follows we will try to keep the equations general for as long as possible. We are now interested in introducing a different basis for 1-particle states, namely |ω, ℓ, m . Let's now discuss the normalization of these states. First, notice that
Thus, we we can assume that
We will assume that the spherical harmonics Y m ℓ (k) are normalized in such a way that
Then, we have
where we have introduced the group velocity v = dω/dk, while M is the mass of the particle. For simplicity, we will choose N ω,ℓ,m in such a way that
With this convention, we have
and
B Cross section and decay rate
For completeness, we will re-derive the relation (20) between the cross section and the absorption probability (19) for a particle with an arbitrary dispersion relation. To this end, it is convenient to first consider a different process, namely
The probability P ′ for the inclusive process (where we sum over all possible final configurations X f ) is related to the cross section σ by
where v is the group velocity of the particle. Notice also that we are showing explicitly the fact that the cross section depends on the incoming momentum k. Now, keeping in mind how the normalization of states and the definition of P ′ , we find that
In order to make contact with the process (4), let us rewrite the term | X ′ ; 0|S|X; k | 2 in the numerator using the completeness of the |ω, ℓ, m states:
This expression simplifies significanly if instead of considering σ(k) we calculate its average over all possible directions of k:
In fact, dΩ 4π
which means that
This result must coincide with the cross section for the process (4) average over all m's and summed over all ℓ's. Therefore, we conclude that σ(ω, ℓ, m) = (2ℓ + 1)πP k 2 .
This equation is the analog of eq. (111). Notice that, even though this result was derived in the case of a spin 0 particle, it holds also in the case of higher spin particles, with the orbital angular momentum ℓ replaced by the total angular momentum j. It is equally easy to derive the expression for the decay rate in eq. (25) . Once again, we will start by considering a process involving emission of a particle with definite momentum:
If we denote with P ′ the probability for one such process to occur regardless of the final state X f of the spinning object, then the decay rate is given by
where we have performed the same manipulations used to obtain eq. (112). We can now rewrite the integral over k in spherical coordinates and follow steps similar to those in eqs.
(113) and (115) (this time summing over all possible directions rather than averaging) to finally obtain:
where P is now the probability for the process (21) summed over all possible final states X f . Once again, this result is valid also for higher spin particles provided one replaces ℓ → j .
C Spherical helicity states
In order to extend our approach to superradiant scattering to particles with non-zero spin, it is convenient to introduce spherical helicity states. Usually, 1-particle states for a given mass µ and spin s are classified by diagonalizing simultaneously the momentum operator P and the helicity J · P/|P|. These states are denoted as |k, λ and are the familiar plane wave states. However, one could also choose to diagonalize instead H, J 2 , J z and J · P/|P|, in which case the states would be denoted as |ω, j, m, λ . These are known as spherical helicity states [55] . By extending the normalization convention (102) for spin 0 particles, we will assume that these states are normalized as follows:
In Section 6, we need the matrix elements that connect these different basis of states. It is easy to realize that they must take the form k, λ ′ |ω, j, m, λ = 2πδ(ω k − ω)δ λλ ′ F (k, j, m, λ) .
We will now determine the explicit form of the function F (k, j, m, λ). Following [55] (albeit with slightly different conventions) we rewrite the momentum k as a rotation R acting the vector kẑ pointing in the z-direction. At the level of the Hilbert space, this translates into the relation |k, λ = U(R)|kẑ, λ . Note that rotations do not change the helicity, since the latter is a scalar under rotations. Then, we have k, λ|ω, j, m, λ = kẑ, λ|U † (R)|ω, j, m, λ 
where in the second line we used the completeness of states, in the third line the fact that energy, helicity, and total angular momentum are scalars under rotations and in the fourth line the fact that the helicity is, by definition, the component of the angular momentum in the direction of the momentum. We also introduced the Wigner rotation matrices D (j) m ′ m (k), which, as we can see, completely determine how the matrix elements depend on the direction ofk. In order to determine f λj (ω), we rewrite the normalization condition (121) using the completeness of the plane wave states:
By comparing the last line with eq. (121) we can easily determine f λj (ω). Finally, using the fact that the Wigner matrices are closely related to the spin-s spherical harmonics s Y jm [64] , we can write our matrix elements as follows:
This result is a direct generalization of the spin 0 result in eq. (103). 22 Note that, in [64] , the Wigner matrix D
m ′ m describes a rotation that takesk intoẑ, whereas here we are adopting the opposite convention [60] . Therefore, their D 
